Abstract. Is the cohomology of the classifying space of a p-compact group, with Noetherian twisted coefficients, a Noetherian module? This note provides, over the ring of p-adic integers, such a generalization to p-compact groups of the Evens-Venkov Theorem. We consider the cohomology of a space with coefficients in a module, and we compare Noetherianity over the field with p elements, with Noetherianity over the p-adic integers, in the case when the fundamental group is a finite p-group.
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The cohomology as a graded module
Before considering the mod p or p-adic cohomology as an algebra, we first make explicit the relationship between two standard milder finiteness assumptions. When the graded vector space H * (Y ; F p ) is of finite type, i.e. H n (Y ; F p ) is a finite dimensional vector space in each degree n, is H n (Y ; Z ∧ p ) a finitely generated Z ∧ p -module in each degree n as well? This is clearly a necessary condition for the cohomology algebra to be finitely generated. We show that it holds when π 1 (Y ) is finite.
The main tool to relate the mod p and the p-adic cohomology is the universal coefficient exact sequence -see for example [ Lemma 1.2. Let G be a finite p-group, K a field of characteristic p and V a KG-module. If V G is a finite dimensional K-vector space, then so is V .
Proof. Let n = dim K V G and let F = (KG) n be a free KG-module of rank n. Note that dim K F G = n, so there is an isomorphism of KG-modules α : V G → F G . Since F is an injective KG-module, α extends to a homomorphism α ′ : V → F of KG-modules, which we now prove is injective. Clearly
Since G is a finite p-group, it follows that Ker α ′ = 0. Hence V embeds in F , so V is finite dimensional. 
Likewise, since cohomology with p-adic coefficients is represented by Eilenberg-MacLane spaces
We may therefore assume that Y is p-complete and that G = π 1 Y is a finite p-group, see [13, Proposition 11.14] or [7, Section 5] .
If Y is 1-connected, then [2, Proposition 5.7] applies and H n (Y ; Z ∧ p ) is a finitely generated Z ∧ p -module for every n. For the general situation, let us consider the universal cover fibration for Y ,Ỹ → Y → BG. We prove by induction that H n (Ỹ ; F p ) is finite dimensional for any n.
The induction starts with the trivial case n = 0. Assume thus that H m (Ỹ ; F p ) is finite for all m < n. Then, in the second page of the Serre spectral sequence in mod p cohomology, all groups
We can now apply the 1-connected case to conclude that H n (Ỹ ; Z ∧ p ) is a finitely generated Z ∧ pmodule for any n. The Evens-Venkov Theorem [14, Theorem 8.1] now shows that the E 2 -term of the Serre spectral sequence with p-adic coefficients consists of finitely generated Z ∧ p -modules. Thus so must be H n (Y ; Z ∧ p ) for any n. The second part of the assertion now follows easily. The first part of the proposition and the universal coefficient formula imply that H n (Ỹ ; M ) is a finitely generated Z ∧ p -module for every n. We then use the Serre spectral sequence for cohomology with twisted coefficients. The only reference we know is [21, Theorem 3.2] where it is done equivariantly; we need the case of the trivial group action.
Cohomology with Trivial coefficients
We now turn to finite generation of the cohomology algebras H * (Y ; Z ∧ p ) and H * (Y ; F p ), where trivial coefficients are understood. This section should thus be no more than a warm up, because it seems enough to gain some control on torsion to draw conclusion from the universal coefficient theorem.
Let R be either the ring Z ∧ p , or the field F p , and note that both are Noetherian rings. The cohomology H * (Y ; R) of any connected space is a commutative graded algebra, which is a Noetherian R-algebra if and only if it is finitely generated as an R-algebra [19, Theorem 13.1].
It is therefore also finitely generated as an H * (Y ; Z ∧ p ) ⊗ F p -module. The conclusion follows from Remark 1.1 on the universal coefficient exact sequence.
To be able to compare Noetherianity of the mod p and the p-adic cohomology, we need to
the graded submodule of ptorsion elements. The key assumption in the main theorem of this section is that the order of the p-torsion is bounded. This implies that ρ is "uniformly power surjective", a strong form of integrality.
Lemma 2.2. Let Y be a connected space and let d be an integer such that
Proof. Following the elementary proof of [6, Lemma 4.4], we start with the observation that for any element x ∈ H * (Y ; Z/p k ) the p-th power x p lies in the image of the reduction map
The argument is as follows: If p is odd and the degree of x is odd, x p = 0 and the conclusion follows. Otherwise, δ(
The diagram of short exact sequences
induces the commutative diagram of exact rows: We end this section with an example which shows that Theorem 2.4 does not hold without the condition on torsion.
Example 2.5. Aguadé, Broto, and Notbohm constructed in [2] spaces X k (r) for any odd prime p with r|p − 1 and k ≥ 0 satisfying : 
Cohomology with twisted coefficients
In this section we work over a ring R which is either Z ∧ p or F p . Let Y be a connected space whose fundamental group is a finite p-group. Let M be a R[π 1 Y ]-module which is a finitely generated We start with a standard Noetherianity result. Theorem 3.2. Let Y be a connected space such that π 1 Y is a finite p-group and let M be a finite
Proof. We use induction on dim Fp M . Since G = π 1 (Y ) is a finite p-group, the invariant submodule M G is not trivial when M is not trivial. The induction step follows by applying Lemma 3.1 to the Proof. The module M being finite, M is a finite abelian p-group. We perform an induction on the exponent e of M . When e = 1, the module M has the structure of an F p -vector space. As In a second step we consider, as coefficient of the cohomology, a Z
Proof. The short exact sequence 0 
